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Abstract
Quantization and spectral properties of Toeplitz operators acting on
spaces of pluriharmonic functions over bounded symmetric domains and
C
n are discussed. Results are presented on the asymptotics
‖T λf ‖λ → ‖f‖∞
‖T λf T
λ
g − T
λ
fg‖λ → 0
‖
λ
i
[T λf , T
λ
g ]− T
λ
{f,g}‖λ → 0
for λ→∞, where the symbols f and g are from suitable function spaces.
Further, results on the essential spectrum of such Toeplitz operators with
certain symbols are derived.
AMS subject classification: Primary: 47B35; Secondary: 30H20,
47A53, 81S10
Keywords: Toeplitz operators, pluriharmonic functions, quantiza-
tion, essential spectrum
1 Introduction
Let Ω ⊂ Cn be a domain and for each λ ∈ R sufficiently large let vλ be a
probability measure on Ω. Consider the family of Bergman or Segal-Bargmann
spaces
A2λ(Ω) := L2(Ω, dvλ) ∩ Hol(Ω).
EachA2λ(Ω) is known to be a closed subspace of L2(Ω, dvλ), hence there exists an
orthogonal projection Pλ : L2(Ω, dvλ)→ A2λ(Ω). To each f ∈ L∞(Ω) associate
the family of Toeplitz operators
T λf : A2λ(Ω)→ A2λ(Ω), T λf (g) = Pλ(fg).
This assignment f 7→ T λf is a common model for quantization, the so-called
Toeplitz-quantization. If we consider the derformation quantization in the sense
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of Rieffel [23], the following properties should hold for a sufficiently large class
of symbols f, g:
lim
λ→∞
‖T λf ‖λ = ‖f‖∞ (1)
lim
λ→∞
‖T λf T λg − T λfg‖λ = 0 (2)
lim
λ→∞
‖λ
i
[T λf , T
λ
g ]− T λ{f,g}‖λ = 0 (3)
Here, we will always assume Ω to be either Cn or a bounded symmetric domain
(always considered with the standard weights as discussed below). A lot of work
has been done to understand the quantization properties (1)-(3) in these cases,
see e.g. [4, 7, 11, 19] and references therein.
A related question is the spectral theory of Toeplitz operator T λf for fixed λ.
If we again assume Ω to be Cn or a bounded symmetric domain, the essential
spectrum is well understood: It consists of the boundary values of its symbols
(in a certain sense), c.f. [1, 17, 18, 20] and references therein for the most recent
results.
In this work, we investigate these properties in the setting of Hilbert spaces
consisting of pluriharmonic functions instead of spaces of holomorphic functions.
Toeplitz operators on pluriharmonic function spaces have been studied in a few
places, e.g. [5, 14]. Yet, many properties still need to be discussed for this
setting.
We will analyze both the quantization properties (1)-(3) for a sufficiently
large class of symbols and spectral theory for VMO∂ symbols. As it turns out
(and has already been observed, e.g. in [15]) the property (3) fails to hold
completely (we will repeat the argument for completeness below). Yet, the
properties (1) and (2) hold in the same way as for holomorphic function spaces.
For the essential spectrum, we will obtain the same result as for the holomorphic
function spaces if the symbol fulfills certain oscillation conditions. Finally, as
the quantization property (3) fails, pluriharmonic function spaces do not allow
for a full quantization procedure. Yet, the other quantization properties (in
particular (2)) have applications of independend interest. We will discuss one
of such applications, motivated by results in [6, 9].
There are in principle two different approaches to the theory of Toeplitz
operators on spaces of pluriharmonic functions. The first one would be to at-
tack the problems directly through hard analysis, possibly immitating proofs
from the case of holomorphic function spaces. In this paper, we follow a dif-
ferent idea: Each pluriharmonic function (say, on a simply connected domain)
can be written as the sum of a holomorphic and an anti-holomorphic function.
This gives rise to a decomposition of the spaces of pluriharmonic functions into
the orthogonal sum of two spaces (Bergman spaces of holomorphic and anti-
holomorphic functions), which allows us to use established results on Toeplitz
operators over holomorphic functions for proving results on Toeplitz operators
over pluriharmonic function spaces. The approach also has the advantage that
we do not need to distinguish in our proofs between Ω = Cn or Ω a bounded
symmetric domain.
The paper is organized as follows: In Section 2, we settle the basic definitions
and recall important results. In Section 3, the quantization properties (1)-(3)
are studied over pluriharmonic function spaces. Section 4 provides the results
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on the essential spectrum for pluriharmonic Toeplitz operators with suitable
symbols. An application of the quantization property (2) in spectral theory is
discussed in Section 5. Finally, Appendix A is added where we provide a re-
sult on Toeplitz quantization over the holomorphic Bergman spaces of bounded
symmetric domains.
2 Preliminaries
Let Ω ⊆ Cn be open and connected. A pluriharmonic function on Ω is a C2-
function f : Ω→ C such that
∂2f
∂zj∂zk
= 0
for all j, k = 1, . . . , n. If Ω is simply connected one can show that for each
pluriharmonic function f on Ω there are unique holomorphic functions g, h on
Ω with h(0) = 0 and
f = g + h. (4)
We will mainly be concerned with two kinds of domains Ω:
1) Ω = Cn,
2) Ω a bounded symmetric domain in Cn.
The class of bounded symmetric domains includes of course the case where
Ω = Bn, the open unit ball in Cn. While we will prove all relevant results on
both the unit ball and Cn, we will have to exclude the case of general bounded
symmetric domains in some cases - the quantization property (2) for VMO-
symbols so far has only been proven in the holomorphic Bergman space setting
of Bn and not general bounded symmetric domains (cf. Theorem 1 below).
On each of these domains, we will consider weighted Hilbert spaces of holo-
morphic, antiholomorphic or pluriharmonic functions as defined in the following.
Example (Segal-Bargmann spaces). For λ > 0 let vλ be the measure
dvλ(z) =
(λ
pi
)n
e−λ|z|
2
dv(z)
on Cn, where dv(z) is just the usual Lebesgue measure on R2n ∼= Cn. vλ is
easily seen to be a probability measure. The (holomorphic) Segal-Bargmann
spaces F 2λ(C
n) are the closed subspaces of L2λ(C
n) := L2(Cn, dvλ) consisting
of holomorphic functions. These are reproducing kernel Hilbert spaces with
kernels given by
Kλ(w, z) = eλw·z,
where w · z denotes the Euclidean inner product on Cn, being linear in both
components. In an abuse of notation, we will also write A2λ(Cn) instead of
F 2λ(C
n). When we consider a metric on Cn, we mean the usual Euclidean
metric
d(z, w) = |z − w|.
3
Example (Bergman spaces on the unit ball). On Bn we consider for λ > −1 the
probability measures
dvλ(z) =
Γ(n+ 1 + λ)
pinΓ(λ+ 1)
(1− |z|2)λdv(z)
Denote by A2λ(Bn) the standard weighted (holomorphic) Bergman space, i.e. the
closed subspace of L2λ(B
n) := L2(Bn, dvλ) consisting of holomorphic functions.
Again, A2λ(Bn) is a reproducing kernel Hilbert space with kernel
Kλ(w, z) =
1
(1− w · z)n+1+λ .
We usually consider the unit ball with the metric
d(z, w) = β(z, w),
β being the hyperbolic metric.
Example (Bergman spaces on bounded symmetric domains). Let Ω ⊂ Cn be a
bounded symmetric domain, considered in its Harish-Chandra realization, cf.
[10, 21, 22, 24]. In particular, Ω is simply connected (cf. [21, p. 311]) and
contains the origin. Recall that the unit ball Bn is a particular case of such a
bounded symmetric domain, the objects we are going to define below are then
the same as already defined for this case.
Denote by p the genus of Ω and let
h : Cn × Cn → C
be the Jordan triple determinant of Ω, which is a certain polynomial holomor-
phic in the first and anti-holomorphic in the second argument. For λ > p − 1
the measure vλ on Ω is defined as
dvλ(z) = cλh(z, z)
λ−pdv(z),
where the constant cλ is chosen such that vλ is a probability measure. A2λ(Ω),
the holomorphic Bergman space, is defined as the closed subspace of L2λ(Ω) :=
L2(Ω, dvλ) consisting of holomorphic functions. The reproducing kernel of
A2λ(Ω) is given by
Kλ(w, z) = h(w, z)−λ.
It is worth mentioning that Kλ(w, 0) = 1 for each w ∈ Ω. The metric
d(z, w) = β(z, w)
considered on the bounded symmetric domain is the Bergman distance function
β obtained from the Riemannian metric with tensor
(gij(z))i,j =
( ∂2
∂zi∂zj
logKp(z, z)
)
i,j
. (5)
Remark. Even in the case of Segal-Bargmann spaces, the metric d is obtained
from the Bergman kernelK1 by the formula (5). Since we are going to deal with
pluriharmonic function spaces, it is natural to ask whether one should rather
define the metric d using the pluriharmonic reproducing kernel (defined below).
It turns out that the metric induced by the pluriharmonic Bergman kernel is
equivalent to the metric induced by the holomorphic Bergman kernel, hence we
may use the usual metric.
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We will always denote the norm of L2λ(Ω) by ‖ · ‖λ and the corresponding
inner product by 〈·, ·〉λ. We will also denote by ‖ · ‖λ the operator norm of
operators acting on L2λ(Ω) or a closed subspace (it will always be clear from the
context on which space the operator acts). In contrast, the norm of L1(Ω, dv)
will be denoted by ‖ · ‖L1. For all the above choices of Ω, we also define the
anti-holomorphic and pluriharmonic Bergman spaces (resp. Segal-Bargmann
spaces): Define A2λ,ah(Ω) (resp. A2λ,ah(Cn) := F 2λ,ah(Cn)) as the subspace of
L2λ(Ω) consisting of anti-holomorphic functions and the spaces A2λ,ph(Ω) (resp.
A2λ,ph(Cn) := F 2λ,ph(Cn)) as the closed subspaces of L2λ(Ω) consisting of pluri-
harmonic functions. Furthermore, we denote the constant functions by A2
C
(Ω).
There are several relations between these spaces. First of all, observe that
there is an isometric 1 − 1 correspondence between A2λ(Ω) and A2λ,ah(Ω) via
f 7→ f . For each polynomial p in z = (z1, . . . , zn) and q in z = (z1, . . . , zn) with
q(0) = 0 it holds
〈p, q〉λ = 〈pq∗,Kλ(·, 0)〉λ = 0,
where q∗ is the polynomial
q∗(z) := q(z).
Since holomorphic polynomials (resp. anti-holomorphic polynomials) are dense
in A2λ(Ω) (resp. in A2λ,ah(Ω)), we obtain an orthogonal direct decomposition
A2λ,ph(Ω) = A2λ(Ω)
⊕(
A2λ,ah(Ω)⊖A2C(Ω)
)
.
The reproducing kernels of A2λ,ah(Ω) and A2λ,ph(Ω) are therefore given by
Kλah(w, z) = K
λ(w, z) = Kλ(z, w),
Kλph(w, z) = K
λ(w, z) +Kλah(w, z)− 1.
We define the normalized holomorphic reproducing kernel kλ(w, z) for w, z ∈ Ω
by
kλ(w, z) =
Kλ(w, z)
‖Kλ(·, z)‖λ
and analogously the normalized anti-holomorphic and pluriharmonic reproduc-
ing kernels kλah(w, z) and k
λ
ph(w, z). The orthogonal projections from L
2
λ(Ω) to
A2λ(Ω), A2λ,ah(Ω), A2λ,ph(Ω) and A2C(Ω) are denoted by Pλ, Pλah, Pλph and PλC .
They fulfill the relation
Pλph = P
λ + Pλah − PλC .
We define the holomorphic, anti-holomorphic and pluriharmonic Toeplitz oper-
ators with symbol f ∈ L∞(Ω) by
T λf = P
λMf : A2λ(Ω)→ A2λ(Ω),
T ah,λf = P
λ
ahMf : A2λ,ah(Ω)→ A2λ,ah(Ω),
T ph,λf = P
λ
phMf : A2λ,ph(Ω)→ A2λ,ph(Ω).
For each of those Toeplitz operators, the norm can be estimated from above by
‖f‖∞. The holomorphic and anti-holomorphic Hankel operators with symbol
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f ∈ L∞(Ω) are defined as
Hλf := (I − Pλ)Mf : A2λ(Ω)→ A2λ(Ω)⊥,
Hah,λf := (I − Pλah)Mf : A2λ,ah(Ω)→ A2λ,ah(Ω)⊥.
For f ∈ L∞(Cn), they are obviously bounded operators with norm less than
‖f‖∞. Recall that Hankel and Toeplitz operators are related through the rela-
tion
T λf T
λ
g − T λfg = −(Hλf )∗Hλg , (6)
and the analogous relation holds for anti-holomorphic Toeplitz operators.
For a function f ∈ L∞(Ω) we define the holomorphic, anti-holomorphic and
pluriharmonic Berezin transform of f by
Bλ(f)(z) = 〈fkλ(·, z), kλ(·, z)〉λ, z ∈ Ω,
Bahλ (f)(z) = 〈fkλah(·, z), kλah(·, z)〉λ, z ∈ Ω,
Bphλ (f)(z) = 〈fkλph(·, z), kλph(·, z)〉λ, z ∈ Ω,
and the pluriharmonic Berezin transform of an operator A ∈ L(A2λ,ph(Ω)) by
Bphλ A(z) := 〈Akλph(·, z), kλph(·, z)〉λ, z ∈ Ω.
In particular, Bphλ T ph,λf = Bphλ f .
We will also need to consider function spaces different from L∞(Ω). By
UC(Ω) we denote all uniformly continuous (not necessarily bounded) functions
on Ω with respect to the appropriate metric d. For f ∈ L1loc(Ω) define the
average of f over the measurable bounded set E ⊂ Ω with |E| > 0 by
fE =
1
|E|
∫
E
fdv,
where |E| denotes the Lebesgue measure of the set. For z ∈ Ω, ρ > 0 set
A2(f, z, ρ) :=
1
|E(z, ρ)|
∫
E(z,ρ)
|f − fE(z,ρ)|2dv,
where E(z, ρ) is the ball with respect to the appropriate metric:
E(z, ρ) = {w ∈ Ω; d(z, w) < ρ}.
Define
VMO(Ω) := {f : Ω→ C; lim
ρ→0
A2(f, z, ρ) = 0 uniformly on Ω},
the functions of vanishing mean oscillation in the interior, and further
VMOb(Ω) := VMO(Ω) ∩ L∞(Ω).
For f a bounded and continuous function on Ω define
Osc(f)(z) = sup{|f(z)− f(w)|; d(z, w) ≤ 1}, z ∈ Ω
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and for f ∈ L∞(Ω) set
MOλ(f, z) = Bλ(|f |2)(z)− |Bλ(f)(z)|2.
The spaces VO∂(Ω) and VMO∂(Ω) (which is not to be confused with VMOb(Ω))
of functions with vanishing oscillation and vanishing mean oscillation at the
boundary are then defined as
VO∂(Ω) = {f ∈ Cb(Ω); Osc(f)(z)→ 0, d(z, 0)→∞},
where Cb denotes the bounded continuous functions, and
VMOλ∂(Ω) = {f ∈ L∞(Ω); MOλ(f)(z)→ 0, d(z, 0)→∞}.
Then, denote VMO∂(Ω) := VMO
p
∂(Ω), where p is the genus of the bounded
symmetric domain Ω, or VMO∂(C
n) := VMO1∂(C
n). We recall that VO∂(Ω)
is contained in BUC(Ω), the bounded and uniformly continuous functions, and
also in VMO∂(Ω) [2, 10].
We will also consider Toeplitz and Hankel operators with symbols in UC(Ω).
There is a certain dense subspace Dλ of L2λ (being constructed as a union of
a scale of dense subspaces), which is known to be an invariant subspace of
Pλ and of Mf for each f ∈ UC(Ω) (cf. [3, 7] for details). Hence, it is also
an invariant subspace of Pλah (since it acts as P
λ
ah(f) = P
λ(f) and Dλ is closed
under complex conjugation) and of Pλ
C
(since Pλ
C
= PλPλah). Therefore, Toeplitz
operators (resp. anti-holomorphic or pluriharmonic Toeplitz operators) with
symbol f ∈ UC(Ω) are considered as densely defined operators
T λf : Dλ ∩ A2λ(Ω)→ Dλ ∩A2λ(Ω)
T ah,λf : Dλ ∩ A2λ,ah(Ω)→ Dλ ∩ A2λ,ah(Ω)
T ph,λf : Dλ ∩ A2λ,ph(Ω)→ Dλ ∩A2λ,ph(Ω)
and can be composed with other Toeplitz operators defined on these dense
subspaces.
Toeplitz operators with uniformly continuous symbols are in general un-
bounded. In contrast, Hankel operators with uniformly continuous symbols,
being defined as for bounded symbols, are still bounded, yielding consequences
for the semi-commutator of Toeplitz operators with uniformly continuous sym-
bols (using relation (6)):
Theorem 1 ([4, 7]). Assume one of the following:
1) Ω a bounded symmetric domain or Ω = Cn and f ∈ UC(Ω),
2) Ω = Bn or Ω = Cn and f ∈ VMOb(Ω).
Then, Hλf is bounded with
‖Hλf ‖λ → 0
as λ→∞. In particular,
‖T λf T λg − T λfg‖λ → 0, λ→ 0
holds for any g ∈ L∞(Ω) or g ∈ UC(Ω).
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As a direct consequence of the above result one obtains the following:
Corollary 2. Under the conditions of Theorem 1 it holds
‖Hah,λf ‖λ → 0, λ→∞.
In particular,
‖T ah,λf T ah,λg − T ah,λfg ‖λ → 0, λ→ 0
holds for any g ∈ L∞(Ω) or g ∈ UC(Ω) as well.
Proof. The operator U : L2λ(Ω) → L2λ(Ω), f 7→ f is an isometric isomorphism
of L2λ(Ω) and also an isomorphism between A2λ(Ω) and A2λ,ah(Ω). It holds
UHah,λf U = H
λ
f
and hence
‖Hah,λf ‖λ = ‖UHah,λf U‖λ = ‖Hλf ‖λ → 0
as λ→ 0.
3 Deformation quantization
3.1 The first quantization property
Since we can decompose A2λ,ph(Ω) = A2λ(Ω)
⊕(A2λ,ah(Ω) ⊖ A2C(Ω)), the ma-
trix representation of the pluriharmonic Toeplitz operator with respect to this
decomposition is
T ph,λf =
(
T λf A
λ
f
Bλf T
ah⊖C,λ
f
)
, (7)
where
Aλf = P
λMf : A2λ,ah(Ω)⊖A2C(Ω)→ A2λ(Ω),
Bλf = (P
λ
ah − PλC )Mf : A2λ(Ω)→ A2λ,ah(Ω)⊖A2C(Ω),
T ah⊖C,λf = (P
λ
ah − PλC )Mf : A2λ,ah(Ω)⊖A2C(Ω)→ A2λ,ah(Ω)⊖A2C(Ω).
Proposition 3 (First quantization property). For all f ∈ L∞(Ω) it holds
‖T ph,λf ‖λ → ‖f‖∞
as λ→∞.
Proof. By the matrix representation above it holds ‖f‖∞ ≥ ‖T ph,λf ‖λ ≥ ‖T λf ‖λ.
In [4, Theorem 6.2] it was proven that ‖T λf ‖λ → ‖f‖∞ as λ → ∞ holds for
each f ∈ L∞(Cn). We provide the analogous result for Ω a bounded symmetric
domain in Appendix A. This completes the proof.
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Remark. Let Sλ be any family of closed subspaces of L
2
λ(Ω) such that for each
sufficiently large λ ∈ R it is A2λ(Ω) ⊆ Sλ ⊆ L2λ(Ω), e.g. let Sλ the space of
harmonic functions in L2λ. Then, it follows by the same reasoning that
‖T Sλf ‖λ → ‖f‖∞, λ→∞
for each f ∈ L∞(Ω). Here, T Sλf denotes the Toeplitz operator on Sλ with symbol
f , i.e.
T Sλf : Sλ → Sλ, T Sλf = PSλMf .
We will prove a related result on the pluriharmonic Berezin transform.
Lemma 4. Let f ∈ L∞(Ω) be such that ‖Hλf ‖λ, ‖Hah,λf ‖λ → 0 as λ → ∞.
Further, let z ∈ Ω be such that
Bλ(f)(z)→ f(z)
and
Bahλ (f)(z)→ f(z)
as λ→∞. Then, it also holds
Bphλ (f)(z)→ f(z)
as λ→∞.
Proof. Observe that the result follows trivially for z = 0 as
Bphλ (f)(0) = Bλ(f)(0).
Hence, we may assume z 6= 0. It is
Bphλ (f)(z) =
1
‖Kλ(·, z) +Kλah(·, z)− 1‖2λ
· 〈f(Kλ(·, z) +Kλah(·, z)− 1), (Kλ(·, z) +Kλah(·, z)− 1)〉λ.
First, recall that ‖Kλ(·, z)‖2λ →∞ as λ→∞ for each z 6= 0. Observe that, by
orthogonality,
1
‖Kλ(·, z) +Kλah(·, z)− 1‖2λ
=
1
‖Kλ(·, z)‖2λ + ‖Kλah(·, z)− 1‖2λ
=
1
‖Kλ(·, z)‖2λ
· 1
1 +
‖Kλ
ah
(·,z)−1‖2
λ
‖Kλ(·,z)‖2
λ
.
It holds
‖Kah(·, z)− 1‖2λ = ‖Kλ(·, z)‖2λ − 1
and therefore
1
1 +
‖Kλ
ah
(·,z)−1‖2
λ
‖Kλ(·,z)‖2
λ
→ 1
2
, λ→∞
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for each z 6= 0. We hence need to check the limit only for
1
2‖Kλ(·, z)‖2λ
〈f(Kλ(·, z) +Kλah(·, z)− 1), (Kλ(·, z) +Kλah(·, z)− 1)〉λ.
By sesquilinearity, we can split this expression into several simpler terms, which
we investigate seperately. We first consider those terms which actually con-
tribute to the limit:
1
2‖Kλ(·, z)‖2λ
〈fKλ(·, z),Kλ(·, z)〉λ = 1
2
Bλ(f)(z)→ 1
2
f(z), λ→∞,
1
2‖Kλ(·, z)‖2λ
〈fKλah(·, z),Kλah(·, z)〉λ =
1
2‖Kλah(·, z)‖2λ
〈fKλah(·, z),Kλah(·, z)〉λ
=
1
2
Bahλ (f)(z)→
1
2
f(z), λ→∞.
Further, since the measure vλ is a probability measure,
1
‖Kλ(·, z)‖2λ
|〈f, 1〉λ| ≤ 1‖Kλ(·, z)‖2λ
‖f‖∞ → 0, λ→∞.
Next, we consider
1
‖Kλ(·, z)‖2λ
|〈fKλ(·, z),Kλah(·, z)− 1〉λ|
=
1
‖Kλ(·, z)‖2λ
|〈(I − Pλ)(fKλ(·, z)),Kλah(·, z)− 1〉λ|
=
1
‖Kλ(·, z)‖2λ
|〈Hλf (Kλ(·, z)),Kλah(·, z)− 1〉λ|
≤ ‖Hλf ‖λ
‖Kλah(·, z)− 1‖λ
‖Kλ(·, z)‖λ .
As already observed above,
‖Kλah(·,z)−1‖
‖Kλ(·,z)‖
converges to 1 as λ→∞. By assump-
tion it holds ‖Hλf ‖ → 0 as λ→∞ , hence the initial expression converges to 0.
The reasoning for
1
‖Kλ(·, z)‖2λ
〈fKλah(·, z),Kλ(·, z)− 1〉λ
is the same. Finally,
1
‖Kλ(·, z)‖2λ
|〈f,Kλ(·, z)〉λ| ≤ ‖f‖∞‖Kλ(·, z)‖λ
by the Cauchy-Schwarz inequality, which converges to 0 as λ→∞, and
1
‖Kλ(·, z)‖2λ
〈f,Kλah(·, z)〉λ
converges in the same way to 0. Putting all these pieces together yields the
result.
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Proposition 5. For f ∈ Cb(Ω) it holds
Bphλ (f)(z)→ f(z), λ→∞
for all z ∈ Ω.
Proof. Fix z ∈ Ω and let ε > 0 be arbitrary. Let δ > 0 be such that |f(w) −
f(z)| < ε for w ∈ E(z, δ). Then,
|Bphλ (f)(z)− f(z)| ≤
∫
Ω
|f(w) − f(z)| |K
λ
ph(z, w)|2
Kλph(z, z)
dvλ(w)
≤ ε+ 2‖f‖∞
∫
Ω\E(z,δ)
|Kλph(z, w)|2
Kλph(z, z)
dvλ(w).
Let χ ∈ C(Ω) be such that χ|Ω\E(z,δ) ≡ 1, 0 ≤ χ ≤ 1 and χ(z) = 0. In particu-
lar, χ ∈ BUC(Ω). By Theorem 1 and Corollary 2, χ fulfills the assumptions of
Lemma 4 (it is well known that the holomorphic and anti-holomorphic Berezin
transforms converge pointwise for such a function), hence
∫
Ω\E(z,δ)
|Kλph(z, w)|2
Kλph(z, z)
dvλ(w) =
∫
Ω\E(z,δ)
[χ(w)− χ(z)] |K
λ
ph(z, w)|2
Kλph(z, z)
dvλ(w)
≤
∫
Ω
[χ(w)− χ(z)] |K
λ
ph(z, w)|2
Kλph(z, z)
dvλ(w)
= Bphλ (χ)(z)− χ(z)→ 0, λ→∞.
Therefore, it holds
lim sup
λ→∞
|Bphλ (f)(z)− f(z)| ≤ ε.
Since ε was arbitrarily small the result follows.
The following result holds for Ω = Cn or Ω = Bn:
Proposition 6. For f ∈ VMOb(Ω) it holds
Bphλ (f)(z)→ f(z), λ→∞
almost everywhere.
Proof. This is just a consequence of Lemma 4: It holds Bλ(f) → f almost
everywhere by [4, Theorem 6.2] for Ω = Cn or by Appendix A for Ω = Bn,
the convergence for the anti-holomorphic Berezin transforms follows easily as
well. Further, the Hankel operators converge to 0 in norm by Theorem 1 and
Corollary 2.
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3.2 The second quantization property
In what follows, we will also consider the following operators for suitable mea-
surable symbols f in addition to the operators Aλf and B
λ
f defined above:
C1,λf := (I − Pλph)Mf : A2λ(Ω)→ A2λ,ph(Ω)⊥
C2,λf := (I − Pλph)Mf : A2λ,ah(Ω)⊖A2C(Ω)→ A2λ,ph(Ω)⊥
D1,λf := P
λMf : A2λ,ph(Ω)⊥ → A2λ(Ω)
D2,λf := (P
λ
ah − PλC )Mf : A2λ,ph(Ω)⊥ → A2λ,ah(Ω)⊖A2C(Ω)
Eλf := (P
λ
ah − PλC )Mf : A2C(Ω)→ A2λ,ah(Ω)⊖A2C(Ω)
Gλf := P
λ
CMf : A2λ,ah(Ω)⊖A2C(Ω)→ A2C(Ω).
If f ∈ L∞(Ω), all those operators are obviously bounded by ‖f‖∞. The following
lemma provides all the information on those operators needed for our purposes.
During this section, for f ∈ UC(Ω) we always include the case where Ω is a
general bounded symmetric domain, while for f ∈ VMOb(Ω) we consider only
the special case Ω = Bn. Still, in both cases Ω = Cn is allowed.
Lemma 7. For f ∈ VMOb(Ω) or f ∈ UC(Ω), the operators Aλf , Bλf , C1,λf ,
C2,λf , D
1,λ
f , D
2,λ
f , E
λ
f and G
λ
f are bounded with norm tending to 0 as λ→∞.
Proof. Observe that
Bλf = (P
λ
ah − PλC )(I − Pλ)Mf = (Pλah − PλC )Hλf ,
C1,λf = (I − Pλph)(I − Pλ)Mf = (I − Pλph)Hλf ,
C2,λf = (I − Pλph)(I − Pλah)Mf = (I − Pλph)Hah,λf |A2λ,ah(Ω)⊖A2C(Ω),
Eλf = (P
λ
ah − PλC )(I − Pλ)Mf = (Pλah − PλC )Hλf |A2λ,ah(Ω)⊖A2C(Ω),
which proves the results for those operators using Theorem 1 and Corollary 2.
Further, D1,λf = (C
1,λ
f
)∗, D2,λf = (C
2,λ
f
)∗ and Gλf = (E
λ
f
)∗. Finally,
Aλf = (P
λ − PλC )Mf + PλCMf = (Pλ − PλC )(I − Pλah)Mf + PλCMf
= (Pλ − PλC )Hah,λf |A2λ,ah(Ω)⊖A2C(Ω) +G
λ
f ,
which finishes the proof.
The semi-commutator of two pluriharmonic Toeplitz operators has the ma-
trix representation (with respect to the orthogonal decomposition A2λ,ph(Ω) =
A2λ(Ω)
⊕
(A2λ,ah(Ω)⊖A2C(Ω)))
T ph,λf T
ph,λ
g − T ph,λfg =
(
(1, 1) (1, 2)
(2, 1) (2, 2)
)
, (8)
where
(1, 1) = T λf T
λ
g − T λfg +AλfBλg ,
(1, 2) = T λf A
λ
g +A
λ
fT
ah⊖C,λ
g −Aλfg,
(2, 1) = Bλf T
λ
g + T
ah⊖C,λ
f B
λ
g −Bλfg,
(2, 2) = BλfA
λ
g + T
ah⊖C,λ
f T
ah⊖C,λ
g − T ah⊖C,λfg .
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Proposition 8 (Second quantization property). Assume f ∈ VMOb(Ω) or
f ∈ UC(Ω). Then, it holds
‖T ph,λf T ph,λg − T ph,λfg ‖λ → 0, λ→∞
for each g ∈ L∞(Ω) or g ∈ UC(Ω).
Proof. We need to show that all four components in equation (8) converge in
norm to 0. ‖(1,1)‖λ → 0 follows by Theorem 1 and Lemma 7. For ‖(1,2)‖λ → 0
and ‖(2,1)‖λ → 0, observe that
(1, 2) = −D1,λf C2,λg and (2, 1) = −D2,λf C1,λg ,
then use Lemma 7. Further, also by Lemma 7, ‖(2,2)‖λ → 0 follows if we show
‖T ah⊖C,λf T ah⊖C,λg − T ah⊖C,λfg ‖λ → 0.
By Corollary 2 it holds
‖T ah,λf T ah,λg − T ah,λfg ‖λ → 0. (9)
Using the orthogonal direct decomposition
A2λ,ah(Ω) =
(
A2λ,ah(Ω)⊖A2C(Ω)
)
⊕A2C(Ω),
we get the following matrix representation:
T ah,λf =
(
T ah⊖C,λf E
λ
f
Gλf P
λ
C
Mf : A2C(Ω)→ A2C(Ω)
)
. (10)
Hence, the matrix representation for T ah,λf T
ah,λ
g −T ah,λfg with respect to the same
decomposition has the (1, 1)-entry
T ah⊖C,λf T
ah⊖C,λ
g − T ah⊖C,λfg + EλfGλg .
By equations (9) and (10) we know that the norm of this operator tends to 0
as λ→∞. Since the norm of EλfGλg goes to 0 as λ→∞ by Lemma 7,
‖T ah⊖C,λf T ah⊖C,λg − T ah⊖C,λfg ‖λ → 0, λ→∞
needs to hold as well.
3.3 The third quantization property
Although the third quantization property holds for a big class of symbols for
Toeplitz operators on holomorphic Bergman and Segal-Bargmann spaces, it
does not hold on the pluriharmonic spaces, which can be seen by a symmetry
argument. This has already been noted in [13]. We repeat the observation for
completeness and give a somewhat refined result. Observe that it holds
Pλphh = P
λ
phh
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for h ∈ A2λ,ph(Ω), as Pλph is an integral operator with real-valued kernel. There-
fore
T ph,λf h = T
ph,λ
f
h
for each f ∈ L∞(Ω) and h ∈ A2λ,ph(Ω). Thus, it holds for f, g ∈ L∞(Ω) and
h ∈ A2λ,ph(Ω)
[T ph,λf , T
ph,λ
g ]∗(h) = [T
ph,λ
g , T
ph,λ
f
](h) = [T ph,λg , T
ph,λ
f ](h) = −[T ph,λf , T ph,λg ](h).
This implies for the pluriharmonic Berezin transform of [T ph,λf , T
ph,λ
g ], using
that the pluriharmonic reproducing kernel is real-valued:
Bphλ ([T ph,λf , T ph,λg ])(z) =
〈[T ph,λf , T ph,λg ]Kλph(·, z),Kλph(·, z)〉
Kλph(z, z)
=
〈[T ph,λf , T ph,λg ]∗Kλph(·, z),Kλph(·, z)〉
Kλph(z, z)
= −〈[T
ph,λ
f , T
ph,λ
g ]K
λ
ph(·, z),Kλph(·, z)〉
Kλph(z, z)
= −Bphλ ([T ph,λf , T ph,λg ])(z)
and therefore Bphλ ([T ph,λf , T ph,λg ])(z) = 0 for all z ∈ Ω. Now let f, g ∈ L∞(Ω)
and h ∈ Cb(Ω). Then, if∥∥∥λ
i
[T ph,λf , T
ph,λ
g ]− T ph,λh
∥∥∥
λ
→ 0, λ→∞
is assumed to hold, it follows
∥∥∥λ
i
[T ph,λf , T
ph,λ
g ]− T ph,λh
∥∥∥
λ
≥
∥∥∥Bphλ (λi [T ph,λf , T ph,λg ]− T ph,λh
)∥∥∥
∞
= ‖Bphλ T ph,λh ‖∞ ≥ 0,
and hence ‖Bphλ (T ph,λh )‖∞ → 0, which implies, by Proposition 5, h = 0. This
gives the following consequence:
Proposition 9 (Third quantization property). Let f, g ∈ L∞(Ω) and h ∈
Cb(Ω). Then, ∥∥∥λ
i
[T ph,λf , T
ph,λ
g ]− T ph,λh
∥∥∥
λ
→ 0, λ→∞
holds if and only if h = 0 and ‖[T ph,λf , T ph,λg ]‖λ ∈ o(1/λ) as λ→∞.
In particular, there cannot be any Poisson structure {·, ·} on Ω such that
∥∥∥λ
i
[T ph,λf , T
ph,λ
g ]− T ph,λ{f,g}
∥∥∥
λ
→ 0, λ→∞
holds for all f, g ∈ C∞c (Ω).
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4 Spectral theory for VMO∂ symbols
In this section, we want to find the essential spectrum of T ph,λf for fixed λ and
f ∈ VMO∂(Ω). Here, Ω is either a general bounded symmetric domain in its
Harish-Chandra realization or Cn. As expected, the essential spectrum consists
of the boundary values of the Berezin transform of f . The proof is based on
standard methods. The main result of this section (Corollary 15) has already
been obtained with a different method for the case of the Segal-Bargmann space
with λ = 1 in [5, Section 4.2].
Lemma 10. Let f ∈ C0(Ω) (i.e. f is continuous and vanishes at the boundary).
Then, T ph,λf is compact.
Proof. First, let f be continuous on Ω with compact support. Then, PλphMχsupp f
is a compact operator, hence T ph,λf is compact. If f ∈ C0(Ω), take a sequence fn
from Cc(Ω) which converges to f with respect to ‖ · ‖∞. Then, T ph,λfn converges
to T ph,λf in norm, hence the operator is also compact.
Lemma 11. If f ∈ VMO∂(Ω), then Hλf is compact.
Proof. Cf. [2, Theorem 5.3] for the case of Segal-Bargmann spaces with λ = 1
and [10, Theorem B] for the case of unweighted Bergman spaces on a bounded
symmetric domain. The proofs work analogously for the standard weighted
cases with general λ.
Lemma 12. If f ∈ VMO∂(Ω), then Bλ(f) ∈ C0(Ω) implies compactness of
T ph,λf .
Proof. Consider the matrix representation in equation (7). Hλf is compact by
Lemma 11, hence Aλf and B
λ
f , the off-diagonal operators in the matrix repre-
sentation, are compact by the representations in the proof of Lemma 7. Com-
pactness of T λf follows as usual under the given assumptions (cf. [8, Theorem
1.1] and [12, Theorem A] for more general results on the Segal-Bargmann space
and bounded symmetric domains), compactness of T ah⊖C,λf follows from the
decomposition in equation (10) and the compactness of T ah,λf .
Lemma 13. For f ∈ VMO∂(Ω) and g ∈ L∞(Ω), T ph,λf T ph,λg − T ph,λfg and
T ph,λg T
ph,λ
f − T ph,λgf are compact.
Proof. For f ∈ VMO∂(Ω), the Hankel operatorsHλf and Hλf are compact (again
Lemma 11). By the representations of T ph,λf T
ph,λ
g −T ph,λfg and T ph,λg T ph,λf −T ph,λgf
in Proposition 8 and Lemma 7, the operators are compact.
Proposition 14. Let f ∈ VO∂(Ω). Then, T ph,λf is Fredholm if and only if there
are constants R, c > 0 such that |f(z)| ≥ c for all z ∈ Ω with d(z, 0) ≥ R.
Proof. First, assume that |f(z)| ≥ c for d(z, 0) ≥ R. Let g be continuous with
g(z) = 1f(z) for d(z, 0) ≥ R. Then, g ∈ L∞(Ω) and fg− 1 vanishes on E(0, R)c.
In particular, T ph,λfg−1 is compact by Lemma 10. Therefore, also
T ph,λf T
ph,λ
g − I = T ph,λf T ph,λg − T ph,λfg + T ph,λfg−1
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is compact by Lemma 13. Analogously, T ph,λg T
ph,λ
f −I is compact. Hence, T ph,λf
is Fredholm.
On the other hand, assume that T ph,λf is Fredholm and that there is a se-
quence (zj) in Ω, zj → ∂Ω, such that f(zj)→ 0. Since T ph,λf is Fredholm, there
is a bounded operator A ∈ L(A2λ,ph(Ω)) such that AT ph,λf −I is compact. Thus,
‖(AT ph,λf − I)kλ(·, zj)‖λ → 0, j →∞,
where kλ is the normalized (holomorphic) reproducing kernel, and kλ(·, zj) con-
verges weakly to 0 as j →∞ (even in A2λ,ph(Ω)). This implies
‖AT ph,λf kλ(·, zj)‖λ → 1, j →∞. (11)
We also know that
T ph,λf k
λ(·, zj) = T λf kλ(·, zj) +Bλf kλ(·, zj)
since kλ(·, zj) ∈ A2λ(Ω). Bλf is compact, hence ‖Bλf kλ(·, zj)‖λ → 0 for j → ∞.
Finally, we will show that ‖T λf kλ(·, zj)‖λ → 0 as j → ∞, which will give a
contradiction to (11).
It is
‖T λf kλ(·, zj)‖2 ≤ 〈|f |2kλ(·, zj), kλ(·, zj)〉 = Bλ(|f |2)(zj).
Since f ∈ VO∂(Ω), it is f −Bλ(f) ∈ C0(Ω) [2, 10], hence f(zj)−Bλ(f)(zj)→ 0
and thus Bλ(f)(zj)→ 0. Therefore, it suffices to show that
Bλ(|f |2 − f)(zj)→ 0. (12)
But |f |2−f ∈ VO∂(Ω) as well (since VO∂(Ω) is an algebra which is closed under
complex conjugation), and |f(zj)|2 − f(zj)→ 0, hence (12) follows.
Corollary 15. For f ∈ VMO∂(Ω) it holds
σess(T
ph,λ
f ) = Bλ(f)(∂Ω) :=
⋂
R>0
Bλ(f)(E(0, R)c).
If f is even in VO∂(Ω), then
σess(T
ph,λ
f ) = f(∂Ω) :=
⋂
R>0
f(E(0, R)c).
Proof. The statement for f ∈ VO∂(Ω) follows directly from the last proposition.
If f ∈ VMO∂(Ω), then Bλ(|f − Bλ(f)|2) ∈ C0(Ω) and Bλ(f) ∈ VO∂(Ω) ([10,
Theorem B] for bounded symmetric domains, [2, Theorem 5.3] for the Segal-
Bargmann space). In particular, also Bλ(f − Bλ(f)) ∈ C0(Ω) holds, therefore
T ph,λf−Bλ(f) is compact by Lemma 12. Thus,
σess(T
ph,λ
f ) = σess(T
ph,λ
Bλ(f)
).
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5 Spectral theory through quantization effects
In [6, 9], results on the essential spectra for Toeplitz operators on A2λ(Bn) with
symbols of certain product structures were obtained. A crucial tool for this was
the fact that the quantization property (2) holds for a sufficiently large class
of symbols. The aim of this section is to use a similar construction and apply
quantization results from Section 3 to derive spectral results for Toeplitz opera-
tors on different Bergman spaces. For simplicity, we will only deal with the case
n = 2 as in [9], the generalization to n > 2 follows exactly the computations in
[6]. Further, we will not deal with symbols of the general product structure al-
lowed in [9]. This has the advantage that we can avoid the use of representation
theory to obtain the desired result on the essential spectrum directly. Nev-
ertheless, it is possible without many changes to immitate the representation
theoretic constructions to obtain the more general results as in [9].
Recall that an orthonormal basis for A2λ,ph(B1) is given by the functions
eλa(z) =
√
Γ(a+ λ+ 2)
a!Γ(λ+ 2)
za, z ∈ B1, a ∈ N0
and
eλb (z) =
√
Γ(b+ λ+ 2)
b!Γ(λ+ 2)
zb, z ∈ B1, b ∈ N,
that is
A2λ,ph(B1) = span{eλa ; a ∈ N0} ⊕ span{eλb ; b ∈ N}.
We now introduce the Bergman spaces A2λ,ph-h(B2) as the closed subspace of
L2λ(B
2) specified by the following orthonormal basis:
A2λ,ph-h(B2) := span{eλ,+(a1,a2), e
λ,−
(b1,b2)
; (a1, a2) ∈ N20, (b1, b2) ∈ N× N0}
Here, the basis functions are defined by
e
λ,+
(a1,a2)
(z) =
√
Γ(a1 + a2 + λ+ 3)
a1!a2!Γ(λ+ 3)
za11 z
a2
2 , z = (z1, z2) ∈ B2, (a1, a2) ∈ N20
and
e
λ,−
(b1,b2)
(z) =
√
Γ(b1 + b2 + λ+ 3)
b1!b2!Γ(λ+ 3)
z1
b1zb22 , z = (z1, z2) ∈ B2, (b1, b2) ∈ N× N0.
Thus, A2λ,ph-h(B2) consists of all C2-functions f on B2 such that
∂2f
∂z1∂z1
= 0,
∂f
∂z2
= 0,
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that is, a function f is in A2λ,ph-h(B2) if and only if it is (pluri-)harmonic in z1
and holomorphic in z2 (and square-integrable). In particular, each such function
can be written as a power series converging on B2:
f(z1, z2) =
∞∑
j=0
( ∞∑
k=0
cj,kz
k
1z
j
2 +
∞∑
l=1
dj,lz
l
1z
j
2
)
=
∞∑
j=0
( ∞∑
k=0
c′j,ke
λ,+
(k,j)(z) +
∞∑
l=1
d′j,le
λ,−
(l,j)(z)
)
.
Simple calculations yield
e
λ,+
(a1,a2)
(z) = ea2+λ+1a1 (z1)e
λ+1
a2 (z2)
and
e
λ,−
(b1,b2)
(z) = eb2+λ+1b1 (z1)e
λ+1
b2
(z2).
We define for a2 ∈ N0
Ha2 := span{eλ,+(a1,a2), e
λ,−
(b1,a2)
; a1 ∈ N0, b1 ∈ N}
and thus get a decomposition
A2λ,ph-h(B2) =
⊕
a2∈N0
Ha2 . (13)
One can easily see that each function f ∈ Ha2 can be written in the form
f(z) = fa2(z1)e
λ+1
a2 (z2)
for some unique fa2 ∈ A2a2+λ+1,ph(B1). Hence, we can write each function
f ∈ A2λ,ph-h(B2) as a series
f(z1, z2) =
∑
a2∈N0
fa2(z1)e
λ+1
a2 (z2) (14)
for unique fa2 ∈ A2a2+λ+1,ph(B1) and further have
‖f‖2A2
λ,ph-h
(B2) =
∑
a2∈N0
‖fa2‖2A2
a2+λ+1
(B1).
Letting ua2 : Ha2 → A2a2+λ+1,ph(B1) act through
ua2(f) = fa2
with fa2 the unique coefficient in the series (14), we get an isometric isomorphism
U =
⊕
a2∈N0
ua2 : A2λ,ph-h(B2) =
⊕
a2∈N0
Ha2 →
⊕
a2∈N0
A2a2+λ+1,ph(B1).
For the remaining part of this section, we let g ∈ L∞(B1) and set g˜(z1, z2) =
g(z1). Let P
λ
ph-h be the orthogonal projection L
2
λ(B
2) → A2λ,ph-h(B2) and con-
sider the Toeplitz operator
T ph-h,λg˜ = P
λ
ph-hMg˜ : A2λ,ph-h(B2)→ A2λ,ph-h(B2).
Our last goal will be to prove the following fact:
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Proposition 16. Let g ∈ VO∂(B1). Then, T ph-h,λg˜ is Fredholm if and only
if there is some c > 0 such that |g(z1)| ≥ c for all z1 ∈ B1. In particular,
σess(T
ph-h,λ
g˜ ) = g(B
1).
The first step towards achieving this will be the following:
Lemma 17. T ph-h,λg˜ acts as
〈T ph-h,λg˜ eλ,+(a1,a2), e
λ,+
(a˜1,a˜2)
〉λ =
{
0, a2 6= a˜2
〈T ph,a2+λ+1g ea2+λ+1a1 , ea2+λ+1a˜1 〉a2+λ+1, a2 = a˜2
,
〈T ph-h,λg˜ eλ,+(a1,a2), e
λ,−
(b1,b2)
〉λ =
{
0, a2 6= b2
〈T ph,a2+λ+1g ea2+λ+1a1 , ea2+λ+1b1 〉a2+λ+1, a2 = b2
,
〈T ph-h,λg˜ eλ,−(b1,b2), e
λ,+
(a1,a2)
〉λ =
{
0, b2 6= a2
〈T ph,a2+λ+1g ea2+λ+1b1 , ea2+λ+1a1 〉a2+λ+1, b2 = a2
,
〈T ph-h,λg˜ eλ,−(b1,b2), e
λ,−
(b˜1,b˜2)
〉λ =
{
0, b2 6= b˜2
〈T ph,b2+λ+1g eb2+λ+1b1 , eb2+λ+1b˜1 〉b2+λ+1, b2 = b˜2
.
In particular, T ph-h,λg˜ leaves the decomposition (13) invariant.
Proof. The computations are identical to those in the proof of [9, Lemma 2.2].
We reproduce them to prove the first identity here, the remaining three cases
can be deduced using the same calculations.
Let (a1, a2), (a˜1, a˜2) ∈ N20. Then,
〈T ph-h,λg˜ eλ,+(a1,a2), e
λ,+
(a˜1,a˜2)
〉
=
√
Γ(a1 + a2 + λ+ 3)
a1!a2!Γ(λ+ 3)
Γ(a˜1 + a˜2 + λ+ 3)
a˜1!a˜2!Γ(λ+ 3)
Γ(λ+ 3)
pi2Γ(λ+ 1)
×
∫
B2
g(z1)z
a1
1 z
a2
2 z1
a˜1z2
a˜2(1 − (|z1|2 + |z2|2))λdv(z1, z2).
Introducing polar coordinates z1 = r1e
iθ1 , z2 = r2e
iθ2 , we obtain
=
√
Γ(a1 + a2 + λ+ 3)Γ(a˜1 + a˜2 + λ+ 3)
a1!a2!a˜1!a˜2!
1
pi2Γ(λ+ 1)
∫ 2pi
0
eiθ2(a2−a˜2)dθ2
×
∫
{r1,r2>0;r21+r
2
2<1}
∫ 2pi
0
g(r1e
iθ1)ra1+a˜1+11 r
a2+a˜2+1
2 e
iθ1(a1−a˜1)
× (1− r21 − r22)λdθ1dr2dr1.
Of course, the first integral in this expression equals 0 for a2 6= a˜2 and 2pi for
a2 = a˜2. For the latter case, we get
=
√
Γ(a1 + a2 + λ+ 3)Γ(a˜1 + a2 + λ+ 3)
a1!(a2!)2a˜1!
2
piΓ(λ+ 1)
×
∫
{r1,r2>0;r21+r
2
2<1}
∫ 2pi
0
g(r1e
iθ1)ra1+a˜2+11 r
2a2+1
2 e
iθ1(a1−a˜1)
× (1− r21 − r22)λdθ1dr2dr1.
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Using the substitution s = r2√
1−r21
in the r2 integral we get
=
√
Γ(a1 + a2 + λ+ 3)Γ(a˜1 + a2 + λ+ 3)
a1!(a2!)2a˜1!
2
piΓ(λ+ 1)
×
∫ 2pi
0
∫ 1
0
g(r1e
iθ1)ra1+a˜1+11 e
iθ1(a1−a˜1)(1− r21)a2+λ+1dθ1dr1
×
∫ 1
0
s2a2+1(1 − s2)λds
=
√
Γ(a1 + a2 + λ+ 3)Γ(a˜1 + a2 + λ+ 3)
a1!(a2!)2a˜1!
1
piΓ(λ+ 1)
×
∫
B
g(z1)z
a1
1 z
a˜1
1 (1− |z1|2)a2+λ+1dv(z)
∫ 1
0
sa2(1− s)λds.
Using the beta function B(x, y) =
∫ 1
0 s
x−1(1 − s)y−1ds and the well-known
identity B(x, y) =
Γ(x)Γ(y)
Γ(x + y)
we obtain
=
Γ(a2 + λ+ 2)
a2!Γ(λ+ 1)
B(a2 + 1, λ+ 1)
×
∫
B
g(z1)e
a2+λ+1
a1 (z1)e
a2+λ+1
a˜1
(z1)
Γ(a2 + λ+ 3)
piΓ(a2 + λ+ 2)
(1 − |z1|2)a2+λ+1dvz
= 〈T a2+λ+1g ea2+λ+1a1 , ea2+λ+1a˜1 〉a2+λ+1.
With the isometry U introduced above we obtain:
Corollary 18. It holds
T ph-h,λg˜ : A2λ,ph-h(B2)→ A2λ,ph-h(B2)
∼=
⊕
a2∈N0
T ph,a2+λ+1g :
⊕
a2∈N0
A2a2+λ+1,ph(B1)→
⊕
a2∈N0
A2a2+λ+1,ph(B1).
For proving Proposition 16, we will also need the following well known fact.
Lemma 19. Let Hk, k ∈ N0 be a family of Hilbert spaces and let
⊕
kHk
denote their direct orthogonal sum. For a family of operators Ak ∈ L(Hk) let
A :=
⊕
k Ak act diagonally on H. Then, A is Fredholm if and only if each Ak
is Fredholm and there are Fredholm regularizers B1k, B
2
k of Ak such that
‖AkB1k − I‖L(Hk) → 0, k →∞
and
‖B2kAk − I‖L(Hk) → 0, k →∞.
Proof of Proposition 16. First, assume |g(z1)| ≥ c > 0 for all z1 ∈ B1. Then,
T ph,a2+λ+1g ∈ L(A2a2+λ+1,ph(B1)) is Fredholm by Proposition 14. Further, it
holds
‖T ph,a2+λ+1g T ph,a2+λ+11/g − I‖a2+λ+1 → 0, a2 →∞
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by Proposition 8 (recall that VO∂(B
1) is contained in UC(B1)) and also
‖T ph,a2+λ+11/g T ph,a2+λ+1g − I‖a2+λ+1 → 0, a2 →∞.
Hence, T ph-h,λg is Fredholm by Lemma 19.
On the other hand, assume that infz1∈B1 |g(z1)| = 0. There are two cases:
1) There is a sequence (zj1)j ∈ B1 with zj1 → ∂B1 such that g(zj1)→ 0,
2) there is some z1 ∈ B1 such that g(z1) = 0.
In the first case, the operators T ph,a2+λ+1g on A2a2+λ+1,ph(B1) are not Fredholm
by Proposition 14, hence T ph-h,λg˜ cannot be Fredholm by Lemma 19. In the
second case, observe the following: Consider the sequence (fj)j ⊂ A2λ,ph-h(B2)
defined on the decomposition (13) via
fj =
(
δa2,jk
a2+λ+1(·, z1)
)
a2∈N0
∈
⊕
a2∈N0
A2a2+λ+1(B1),
where ka2+λ+1 is the normalized reproducing kernel on A2a2+λ+1(B1). In par-
ticular, fj → 0 weakly as it is an orthonormal sequence. Then,
‖T ph-h,λg˜ fj‖2λ ≤ 〈gkj+λ+1(·, z1), gkj+λ+1(·, z1)〉j+λ+1
= 〈|g|2kj+λ+1(·, z1), kj+λ+1(·, z1)〉j+λ+1
= Bj+λ+1(|g|2)(z1),
which denotes the (holomorphic) Berezin transform of |g|2 on B1. Since g is
assumed to be in VO∂(B
1), it holds in particular |g|2 ∈ Cb(B1). Hence,
Bj+λ+1(|g|2)(z1)→ |g|2(z1) = 0, j →∞.
But this means that (T ph-h,λg˜ fj)j∈N converges strongly to zero. Hence, T
ph-h,λ
g˜
cannot be Fredholm, as no Fredholm operator can map a weakly convergent zero
sequence (which is not already strongly convergent) to a strongly convergent zero
sequence.
A The limit of the norm of Toeplitz operators
on bounded symmetric domains
In this section we are going to provide a proof of the following fact for Ω a
bounded symmetric domain in its Harish-Chandra realization:
Proposition 20. Let f ∈ L∞(Ω). Then it holds
Bλ(f)→ f a.e., λ→∞
and also
lim
λ→∞
‖Bλ(f)‖∞ = lim
λ→∞
‖T λf ‖λ = ‖f‖∞.
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The corresponding result for the Segal-Bargmann spaces was first proven in
[4]. The proof here is heavily motivated by the Segal-Bargmann space proof.
The main technical difference is the fact that we need to conclude the proof first
locally around 0 and “patch things together” afterwards, instead of proving it
globally right away. This modification of the proof is necessary due to the fact
that the Hardy-Littlewood maximal function f∗ of f ∈ L∞(Cn) behaves well
under certain automorphisms of Cn, namely shifts (i.e. f∗(w) =
(
f(·−w))∗(0)),
but the corresponding property fails with respect to the geodesic symmetries of
bounded symmetric domains.
Before attempting the proof, we need to recall a few more facts on bounded
symmetric domains in addition to those mentioned in the beginning.
Let Ω ⊂ Cn be a bounded symmetric domain in its Harish-Chandra real-
ization. Let Aut(Ω) denote the group of holomorphic automorphisms of Ω and
Aut0(Ω) the connected component containing the identity. Denote by K the
maximal subgroup of Aut0(Ω) stabilizing 0. If r denotes the rank of Ω, there
are elements e1, . . . , er ∈ Cn of R-linearly independend vectors such that each
z ∈ Cn can be written in the form
z = k
r∑
j=1
tjej
for some k ∈ K and t1 ≥ t2 ≥ · · · ≥ tr ≥ 0. Further,
z 7→ ‖z‖Ω := t1
is well defined and a norm on Cn, the spectral norm of Ω (cf. [24, p. 64]) and
it holds
Ω = {z ∈ Cn; ‖z‖Ω < 1}.
Further, the Jordan triple determinant h is given on the diagonal by the formula
h(z, z) =
r∏
j=1
(1− t2j).
Finally, for z ∈ Ω we denote by ϕz the geodesic symmetry interchanging z and
0.
For a function f ∈ L∞(Ω) denote by f˜ the continuation of f to Cn by zero.
By f∗ we denote the Hardy-Littlewood maximal function of f˜ , which is defined
on Cn by
f∗(w) := sup
ρ>0
1
|B(w, ρ)|
∫
B(w,ρ)
|f˜(z)|dv(z).
Here, B(w, ρ) denotes the Euclidean ball around w with radius ρ and |B(w, ρ)|
denotes the volume of the ball.
Lemma 21. There is a constant C > 0 such that for each f ∈ L∞(Ω) and all
λ ≥ p+ 1 it holds
|Bλ(f)(0)| ≤ Cf∗(0).
Proof. For each λ ≥ p+ 1 let mλ be the smallest integer such that
Ω ⊆ B
(
0,
√
mλ
λ− p
)
.
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Writing Cn =
⋃∞
m=1B
(
0,
√
m/(λ− p))\B(0,√(m− 1)/(λ− p)), one gets (us-
ing that f˜ = 0 outside Ω)
|Bλ(f)(0)| ≤ cλ
∫
Ω
|f(z)|h(z, z)λ−pdv(z)
= cλ
mλ∑
m=1
∫
B
(
0,
√
m
λ−p
)
\B
(
0,
√
m−1
λ−p
) |f˜(z)|h(z, z)λ−pdv(z).
Since the norms ‖ · ‖Ω and | · | are equivalent, there is some c′ > 0 such that
‖z‖2Ω ≥ c′|z|2
holds true for all z ∈ Cn. Therefore, for m = 1, . . . ,mλ and z ∈ Ω with
m−1
λ−p ≤ |z|2 < mλ−p it holds
0 ≤ h(z, z) =
r∏
j=1
(1− t2j) ≤ 1− t21 = 1− ‖z‖2Ω ≤ 1− c′|z|2 ≤ 1− c′
m− 1
λ− p .
We obtain the following estimate, using again that f˜ = 0 outside Ω:
|Bλ(f)(0)| ≤ cλ
mλ∑
m=1
∫
B
(
0,
√
m
λ−p
)
\B
(
0,
√
m−1
λ−p
) |f˜(z)|(1− c′m− 1
λ− p
)λ−p
dv(z)
≤ cλ
mλ∑
m=1
(
1− c′m− 1
λ− p
)λ−p ∫
B
(
0,
√
m
λ−p
) |f˜(z)|dv(z)
=
cλn!
pin(λ− p)n
mλ∑
m=1
mn
(
1− c′m− 1
λ− p
)λ−p
· 1|B(0,
√
m/(λ− p))|
∫
B
(
0,
√
m
λ−p
) |f˜(z)|dv(z)
≤ f∗(0) cλn!
pin(λ− p)n
mλ∑
m=1
mn
(
1− c′m− 1
λ− p
)λ−p
.
As (1− c′m−1λ−p )λ−p ≤ e−c
′(m−1), it follows
|Bλ(f)(0)| ≤ f∗(0) cλn!
pin(λ − p)n
∞∑
m=1
mne−c
′(m−1).
This series is of course convergent. The coefficient cλpin(λ−p)n remains bounded
as λ → ∞ since cλ ∼ λn, which can be seen from an explicit formula for cλ
contained in [16].
Lemma 22. There exists a constant C′ > 0, independend of λ ≥ p + 1, such
that for each f ∈ L∞(Ω) it holds
|Bλ(f)(z)| ≤ C′f∗(z)
on a neighbourhood of 0.
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Proof. For f = 0 this is trivial. Otherwise, it holds f∗(0) > 0 by the definition
of f∗ and the result follows from the previous lemma, continuity of Bλ(f) and
lower semicontinuity of f∗, i.e. the fact that
{z ∈ Cn; f∗(z) > 1
2C
|Bλ(f)(0)|}
is open (with C from the previous lemma).
Lemma 23. For f ∈ L∞(Ω) it holds Bλf → f almost everywhere on a neigh-
bourhood of 0.
Proof. Let ε, δ > 0 and further let g ∈ Cb(Ω) such that ‖f − g‖L1 < δ. Take
Of−g to be the neighbourhood of 0 obtained from Lemma 22 applied to the
function f − g. We are going to prove that
{w ∈ Of−g; lim sup
λ→∞
|Bλ(f)(w) − f(w)| > ε}
is a set of measure zero. It holds
|Bλ(f)(w) − f(w)|
≤ |Bλ(f)(w) − Bλ(g)(w)| + |Bλ(g)(w) − g(w)|+ |g(w) − f(w)|.
As g is uniformly continuous, it holds Bλ(g)→ g uniformly as λ→∞, hence
lim sup
λ→∞
|Bλ(f)(w) − f(w)| ≤ lim sup
λ→∞
|Bλ(f)(w) − Bλ(g)(w)| + |g(w) − f(w)|.
By Markov’s inequality,
|{w ∈ Ω; |g(w)− f(w)| > ε}| ≤ ‖g − f‖L1
ε
≤ δ
ε
.
Further, it holds for z ∈ Of−g
|Bλ(f)(w) − Bλ(g)(w)| = |Bλ(f − g)(w)| ≤ C′(f − g)∗(w).
By the weak (1, 1)-inequality for the Hardy-Littlewood maximal function, there
exists C1 > 0 independend of ε, δ such that
|{w ∈ Ω; (f − g)∗(w) > C′ε}| ≤ C1
C′ε
‖f − g‖L1 ≤
C1δ
C′ε
.
Setting everything together, we obtain
|{w ∈ Of−g; lim sup
λ→∞
|Bλ(f)(w)− f(w)| > ε}| ≤ δ
ε
(
1 +
C1
C′
)
.
As δ > 0 was arbitrary, it follows that the set is a zero set for each ε > 0.
Proof of Proposition 20. By the previous lemma, Bλ(f) → f on a neighbour-
hood of zero for arbitrary f ∈ L∞(Ω). Therefore, for any z ∈ Ω, it holds
Bλ(f ◦ ϕz)(w)→ f ◦ ϕz(w)
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almost everywhere on a neighbourhood of 0. As the Berezin transform is invari-
ant under composition with the ϕz, it follows
Bλ(f ◦ ϕz)(w) = Bλ(f)(ϕz(w))→ f(ϕz(w))
almost everywhere on a zero neighbourhood, hence for each z ∈ Ω there exists
a neighbourhood Oz of z such that
Bλ(f)(w)→ f(w)
almost everywhere on Oz . {Oz}z∈Ω is an open cover of Ω, hence has a countable
subcover. As the union of countably many zero sets is still a zero set, it follows
that Bλ(f)→ f almost everywhere on the whole of Ω.
It remains to prove
‖Bλf‖∞ → ‖f‖∞, λ→∞,
which is identical to the case of the Segal-Bargmann space. Let ε > 0. By
Egorov’s Theorem, we can choose a set Aε ⊆ Ω such that |Aε| > 0, |f(z)| ≥
‖f‖∞− ε for z ∈ Aε and Bλ(f)→ f uniformly on Aε. Recall that |Bλ(f)(z)| ≤
‖Tf‖λ ≤ ‖f‖∞ holds for all z ∈ Ω. Then,
‖f‖∞ ≥ lim sup
λ→∞
‖Bλ(f)‖∞ ≥ lim inf
λ→∞
‖Bλ(f)‖∞
≥ lim inf
λ→∞
‖Bλ(f)|Aε‖∞ ≥ ‖f‖∞ − ε.
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